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It is suggested that the recently observed size evolution of very massive compact galaxies in the early
universe can be explained, if dark matter is in Bose–Einstein condensate. In this model the size of the
dark matter halos and galaxies depends on the correlation length of dark matter and, hence, on the
expansion of the universe. This theory predicts that the size of the galaxies increases as the Hubble
radius of the universe even without merging, which agrees well with the recent observational data.
© 2009 Elsevier B.V.Open access under CC BY license. Dark matter (DM) and dark energy [1] are two of most impor-
tant unsolved puzzles in modern physics and cosmology. Identiﬁ-
cation of one DM particle species by a direct detection experiment
such as LHC or DAMA [2] is not enough to fully solve the dark
matter problem, because there can be multiple species of DM and
we have to explain the observed distribution of DM in the uni-
verse. Although the cold dark matter (CDM) with the cosmological
constant (i.e., CDM) model is popular and remarkably successful
in explaining the large scale structure of the universe, it seems to
encounter problems on the scale of galactic or sub-galactic struc-
tures [3]. Numerical simulations with CDM model usually predict
a cusped central halo DM density and too many satellite galaxies
compared to astronomical observations [4–7].
On the other hand, it is known that the cold dark matter model
based on Bose–Einstein condensate (BEC) [8] or scalar ﬁeld dark
matter (SFDM) [9] can alleviate these problems [10–13] and well
explain the observed rotation curves of galaxies [14,15]. Hence-
forth, I will designate the two models as the BEC/SFDM model
[16]. In this model the galactic halos are like gigantic atoms where
cold boson DM particles are condensated in a single macroscopic
wave function ψ(r). (The idea of giant atoms as hypothetical stars
goes back to Kaup and Ruﬃni [17] and developed by Schunck and
others (see [18] for a review).) Similar halo DM ideas were sug-
gested by many authors [10,11,19–36]. (See [18,37] and references
therein.) This BEC/SFDM model, now often known as the fuzzy DM
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Open access under CC BY license. model, is a variant of the CDM model. It is more about the state of
DM particles rather than the DM particle itself.
The recent observations [38–40] of the size evolution of mas-
sive galaxies even deepen mysteries of DM and formation of galax-
ies. In [40], using the combined capabilities of earth-bound tele-
scopes and the Hubble space telescope, the size evolution of 831
very massive galaxies since z ∼ 2 is investigated. In [39] it is ob-
served that massive quiescent galaxies at z ∼ 3 have a very small
median effective radius r = 0.9 kpc. According to the observations,
very massive (1011M) galaxies have a factor of about 5 smaller
size in the past (z ∼ 2) than their counterparts today. These com-
pact but massive galaxies are puzzling in the context of CDM
model, because the size evolution is usually attributed to a hier-
archical merging process of small galaxies to form a larger galaxy.
Thus, it is expected that small early galaxies have small mass too.
The ﬁnding of compact but very massive early galaxies which have
disappeared calls this interpretation in question, since these galax-
ies had almost reached the maximum mass limit observed today
and might not have been experienced signiﬁcant merging after
z ∼ 2 [38]. Various mechanisms depending on visible matter could
change the size-mass relation by a factor of ∼2 but not a factor of
∼5 [39].
In this Letter, it is suggested that this galaxy size evolution
problem can be also solved in the BEC/SFDM model, if the cor-
relation length of the DM condensate is time dependent. First,
let me brieﬂy review the BEC/SFDM model. In 1992, to explain
the observed galactic rotation curves, Sin [8,41] suggested that
galactic halos are astronomical objects in BEC of ultra light (mass
m  10−24 eV) DM particles such as pseudo Nambu–Goldstone bo-
son (PNGB). In this model the halo cold boson DM particles are
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quantum mechanical uncertainty principle prevents the halos from
self-gravitational collapse, while in usual CDM models DM particles
move independently and incoherently. ψ(r) satisﬁes the non-linear
Schrödinger equation with the Newtonian gravity;
ih¯∂tψ = Eψ = − h¯
2
2m
∇2ψ + Vψ(r), (1)
where E is the energy of each DM particle. The gravitational po-
tential is given by
V (r) =
r∫
0
dr′ Gm
r′2
r′∫
0
dr′′ 4πr′′2
(
ρvis(r
′′) + ρDM(r′′)
)+ V0, (2)
where DM density ρDM(r) = M0|ψ(r)|2 and ρvis is the visible mat-
ter (i.e., stars and gas) density. M0 is a mass parameter and V0 is
a constant. According to the model, the condensation of DM parti-
cles of which huge Compton wavelength λc = 2π h¯/mc ∼ 10 pc, i.e.
m  10−24 eV, is responsible for the halo formation.
The author and Koh [9,42] generalized Sin’s BEC model in the
context of quantum ﬁeld theory and the general relativity and sug-
gested that DM can be described as a coherent scalar ﬁeld (i.e.,
SFDM). In this model the BEC DM halos are giant boson stars (bo-
son halos [18,43,44]) described by a complex scalar ﬁeld φ having
a typical action
S =
∫ √−g d4x
[ −R
16πG
− g
μν
2
φ∗;μφ;ν − U (φ)
]
(3)
with a potential U (φ) = m22 |φ|2 + λ4 |φ|4. In this Letter, the case
with λ = 0 will be considered for simplicity. The spherical sym-
metric metric is ds2 = −eν(r) dt2 + eλ(r) dr2 + r2 dΩ2, where r is
the radial coordinate.
In the BEC/SFDM theory, due to the uncertainty principle
xp  h¯/2, the characteristic length scale of a BEC DM halo ξ is
inversely proportional to the mass of DM particles, i.e., ξ ∼ x ∼
h¯/p ∼ h¯/mv ∼ 10−3ch¯/m, where v is the velocity dispersion
of DM particles and c is the light velocity. This ξ should be com-
parable with the characteristic length scale of the DM condensate.
(For DM halos or boson stars, the correlation length or de Broglie
wavelength of the condensate is more suitable for the length scale
than the Compton wavelength λc ∼ 1/m [9,45].) From this one can
also obtain the minimum mass for galaxies Mc = h¯2Gξm2  107M ,
which is recently observed [46].
The temperature-dependent correlation length of DM is about
the thermal de Broglie length ξ(T )  2π h¯c/kT of the DM conden-
sate [45], which is an increasing function of the time. This leads
to a surprising possibility that the sizes of a DM halo and a galaxy
embedded in the halo are slowly increasing functions of the time
even without merging. The DM halo provides a potential well to
trap the visible galactic matter such as stars and gas. The extension
of the halo induces the extension of a visible part of the galaxy. To
see this consider the Newtonian limit of the equations of motions
from the action in Eq. (3), or Eq. (1), which can be written in the
dimensionless form as{∇2V = (σ 2 + ρvis),
∇2σ = 2(V − E)σ . (4)
Here σ = √4πGe−iEtψ/c2 is a dimensionless form of the wave
function ψ (or the scalar ﬁeld φ) and r → mcr/h¯, t →mc2t/h¯ [9]
and all other quantities are dimensionless too from now on. Since
galaxies are dominated by DM, we will ignore ρvis and assume thatFig. 1. (Color online.) Observed size evolution r(z) of the massive galaxies versus
the redshift z. The red squares denotes the size evolution of spheroid-like galax-
ies and the blue circles are for disc-like galaxies (data from Fig. 9 of Ref. [40]). The
black dot represents the typical compact galaxy at z = 2.3 in Ref. [39]. The line
represents our theoretical prediction rDM(z)/rDM(0) = 1/(1 + z) for DM halos. The
dashed line represents the predicted size evolution of the visible parts of the galax-
ies r∗(z)/r∗(0) = 1/(1+ z)3/2 which agrees well with the observational data for the
disc-like galaxies.
visible matter passively moves inside the potential well V of the
DM halo. The equations above have approximate solutions [47]
⎧⎨
⎩
σ(r)  σ(0)(1+ (V (0)−E)r26 )
V (r)  V (0) + σ (0)2r26 .
(5)
To see the size evolution for the most massive galaxies, we
need to calculate the DM distribution in their halos for a ﬁxed
galaxy mass M ≡ ∫∞0 4πr2(σ (r)2 + ρvis(r))dr  O (|σ |2r3). Thus,
for a constant M and under the scaling ξ → lξ corresponding to
the increase of the correlation length, the other parameters for
DM halos scale as r → lr, σ → l−3/2σ and V ∼ M/r → V /l. This
means, under this scaling, the gravitational potential well becomes
shallower and the size of DM halos rDM increases like l. We can
also assume that the total energy (kinetic+ potential) of a star Est
measured from V (0) is conserved during the extension. The star
orbits around the galactic center within the gravitational poten-
tial of the halo V . Note that Est is different from the energy of a
DM particle, E . The visible radius of a galaxy can be deﬁned by an
orbital radius of outermost stars r∗ , which can be deﬁned as the
position satisfying the condition Est = V (r = r∗), i.e., the position
where the kinetic energy of the stars is zero. From Eq. (5) and the
energy conservation one can see that Est = V (r∗) = σ(0)2r2∗/6 and
r∗ = √6Est/σ (0). Since σ(0) → l−3/2σ(0), the orbital radius of the
star scales as r∗ → l3/2r∗ . It means that the visible radius of galaxy
follows approximately the 3/2 power of the size of its dark matter
halo. (The extension of the halo also reduces the density of mat-
ter and the rotation velocity of stars. This is also observed [40].
Since the observed ‘extension speed’ of the galaxy is very low
(O (kpc/1010 yrs)) [40], we can treat the expansion as an adiabatic
one. Thus, the temperature is inversely proportional to the scale
factor R of the universe, i.e., T ∼ 1/R , as usual.)
Collecting all together, we obtain a simple relation between the
size parameter rDM(z) of DM halos and the redshift z;
rDM(z)
rDM(0)
= ξ(z)
ξ(0)
= T (0)
T (z)
= R(z)
R(0)
= 1
1+ z . (6)
Here rDM(z) denotes the effective radius of a DM halo at z, and
rDM(0) denotes that at present. Thus, the size of visible galaxies r∗
evolves as
r∗(z) =
(
rDM(z)
) 3
2
=
(
R(z)
) 3
2
=
(
1
) 3
2
. (7)
r∗(0) rDM(0) R(0) 1+ z
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matter dominated era, the size of the most massive galaxies in-
creases as the Hubble parameter at the ﬁrst order. Fig. 1 shows
the observed size evolution r(z) of the massive galaxies [39,40]
versus the redshift z. The theoretical prediction (r∗(z) in Eq. (7))
is well coincident with the observational data. The black dot rep-
resents the typical parameter for 9 galaxies in Ref. [39] for which
I used the typical values z = 2.3, r(z) = 0.9 kpc, and r(0) = 5 kpc
from the paper. For the error bar for the dot, I used the effec-
tive radiuses of the smallest and the largest galaxies in Table 1 of
Ref. [39]. Although there are still many theoretical and observa-
tional uncertainties, the coincidence between the theoretical pre-
diction and the data for disk-like galaxies is remarkable, especially
for high z. The small discrepancy can be attributed to the system-
atic observational uncertainties and ignoring of possible merging
history. It is unclear why disc-like galaxies and spheroid-like galax-
ies seem to show rather different size evolutions. We need more
observations to determine whether the difference is real or not.
To be more illustrative, we perform a numerical study using
the shooting method [9]. Fig. 2 shows the result of our numeri-
cal study with boundary conditions dV /dr(0) = 0, V (∞) = 0 and
dσ/dr(0) = 0. We consider 3 cases with the parameters (σ(0) =
5 × 10−7, V (0) = −3.678 × 10−7, E = −1.52 × 10−8) (σ(0) =
3.21×10−7, V (0) = −2.72×10−7, E = −5.71×10−8), and (σ(0) =
2.17×10−7, V (0) = −2.04×10−7, E = −6.23×10−8), respectively,
from the top to the bottom for σ(0). With Est = 10−7 we changed
the length scale as l = 1, 1.5, 2 for 3 cases and obtained r∗ = 1736,
2861, 4590, respectively. The masses M = 0.013, 0.0125, 0.0124 are
similar for all 3 cases. The numerical results support the theoreti-
cal argument above.
We need to check the reliability of the Newtonian approxima-
tion used to derive Eqs. (6) and (7). From the action in Eq. (3)
and by deﬁning σ ≡ √4πGe−iωtφ one can obtain the dimension-
less versions of the scalar ﬁeld equation and the Einstein equation
[48], which can be reduced to the equation in Eq. (1) in the New-
tonian limit [9]. Since the typical compact galaxies observed have
mass M ∼ 1011M and size R ∼ 1 kpc, the dimensionless gravi-
tational potential V ∼ M/R ∼ 4.78 × 10−6 and the expected ro-
tation velocity dispersion is vrot = O (
√
V )  0.0022c  650 km/s,
which is comparable with the recent observational data vrot 
510+165−90 km/s by van Dokkum et al. [49]. Thus, the compact early
galaxies are basically non-relativistic objects and the Newtonian
approximation is good for these galaxies.
Schunck et al. pointed out that the effect of pressure gener-
ated by scalar ﬁelds should be included in the rotation curves
[19,50]. The rotation velocity given by the circular geodesics
is vrot = r dν/dr eν/2  M(r)/r + prr2eλ+ν/2, where the sec-
ond term denotes the contribution of the radial pressure pr =
ρ − U = 12 (ω2σ 2e−ν + σ ′2e−λ − U ) of the DM ﬁeld. Since
σ  O (10−7)  1 and vrot  c we can use the weak ﬁeld ap-
proximation in Refs. [51,52]. A relevant parameter for this ap-
proximation is  ≡ (1 − ω2/m2)1/2  1. In this limit ω  m,
d/dr ∼  and eλ,ν → 1. Thus, we obtain (dimensionless) pr 
1
2 (σ
2 + 2σ 2 − σ 2) = O (2σ 2)  ρ ∼ O (σ 2) and neglecting the
contribution from pr in our model (with U = m2φ2/2) is a good
approximation for these galaxies. This is different from the case of
the model with massless scalar DM particles, where U = 0 [19,50].
We have shown analytically and numerically that the BEC/SFDM
theory could explain the observed size evolution of the most mas-
sive galaxies. In our theory the size of galaxies can increase not
only by merging or accretion of small galaxies but also by the in-
crease of the length scale of DM halos itself. For small and medium
sized galaxies, it is hard to distinguish these two effects. This may
explain why the pure size extension without merging is observedFig. 2. (Color online.) The dark matter ﬁeld σ (blue dotted lines), the energy level
of visible matter (green thick lines) and the gravitational potential V (red dashed
lines) for a galaxy as a function of distance r from the halo center. As the universe
expands, the temperature of DM decreases and its correlation length ξ increases.
This induces the increase of the size of the visible galaxy (r∗) represented by the
green lines.
only recently and only for the most massive galaxies. Our theory
explains how these massive galaxies were so dense in the past and
reached the size of the massive galaxies today.
A self-gravitational redshift effect of the DM halo may con-
tribute to the relation in Eq. (6) or Eq. (7). The observed redshift
of the galaxies could be a combination of the cosmological (1+ z)
and the gravitational redshift (1 + zg ), i.e., (1 + z)(1 + zg) [19].
The gravitational redshift parameter for the boson halo is given by
[19] zg = e(ν(∞)−ν(r))/2 −1  V in the weak gravitation limit. Since
V  O (10−6), the correction from zg is negligible for galactic DM
halos in this model [33] compared to the cosmological redshift.
A time-varying gravitational constant or the gravitational memory
in Brans–Dicke models could mimic the extension of the galaxies
[53].1
In conclusion, the idea that DM is in BEC seems to provide us a
new way to explain not only the CDM problems but also the galaxy
evolution. From this perspective it is important to determine the
exact size evolution of the galaxies by future observation.
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